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We investigate quantum radiation reaction in laser-electron interactions across different energy
and intensity regimes. Using a fully quantum approach which also accounts exactly for the effect of
the strong laser pulse on the electron motion, we identify in particular a regime in which radiation
reaction is dominated by quantum interference. We find signatures of quantum radiation reaction in
the electron spectra which have no classical analogue and which cannot be captured by the incoherent
approximations typically used in the high-intensity regime. These signatures are measurable with
presently available laser and accelerator technology.
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Intense light sources offer new prospects for observing
quantum effects in laser-matter interactions. Phenom-
ena such as particle beam spreading [1], cooling [2, 3]
and trapping [4, 5] can all be phrased in terms of the
quantum recoil experienced by particles interacting with
laser pulses, recoil which dominates particle motion in
certain regimes [6]. Because of this the topic of quantum
recoil, also called quantum radiation reaction (“QRR”),
now receives a great deal of attention [7–12].
Investigations of QRR often focus on high-intensity
regimes currently out of experimental reach. In such
regimes QRR comes from multiphoton emission, and the
shortness of the ‘formation length’ of quantum processes
at high intensity implies that these emissions can be de-
scribed as incoherent events [13, 14]. In this Letter we
show that the nature of QRR varies significantly in dif-
ferent intensity and energy regimes, in particular regimes
which are relevant to experiments soon to be performed.
In particular we reveal a regime, accessible with the laser
intensities and accelerator technology available today, in
which QRR is dominated by coherent quantum effects
with no classical analogue, effects which are distinct from
those in the high-intensity regime and which cannot be
described by the approximations or numerical methods
used there. Further, we will find new kinematic delin-
eations of the different regimes.
Consider an electron interacting with a strong electro-
magnetic field. The classical Lorentz force equation pre-
dicts that the electron moves with some momentum piµ.
A measurement of the electron momentum would how-
ever yield a different result Pµ, because the Lorentz equa-
tion does not account for the fact that the electron radi-
ates and, by conservation of momentum, recoils when it
does so [15]. The impact of this radiation reaction (“RR”)
on the motion of the electron can be characterised simply
by the difference between the actual momentum of the
electron and that predicted by the Lorentz force: Pµ−piµ
is classical RR. The momentum Pµ can be obtained as
the classical or low-energy limit of a quantum mechani-
cal observable, namely the expectation value of the elec-
tron momentum operator Pˆµ [16–19]. Hence 〈Pˆµ〉 − piµ
is a measure of QRR. The expectation value 〈Pˆµ〉 can be
calculated for arbitrary weak fields in perturbation the-
ory [16] but this is not sufficient for our purposes as the
fields of interest are strong. In order to account fully
for the impact of a strong laser field on electron motion,
as well as giving a fully quantum treatment of 〈Pˆµ〉 in
QED, we begin with a plane wave laser model. This is
satisfactory in the high-energy regime we consider first,
while beam focussing at high-intensity will be accounted
for below. The QED calculation of 〈Pˆµ〉 follows [19] and
is described in the Supplementary [20].
QRR effects depend on the following parameters. Let
ω and kµ be typical laser frequency and momentum
scales, and let pµ be the initial electron momentum.
Then the energy scale of the interaction is b0 ≡ k · p/m2
which is ' 2ωγ/m for large γ. (We use units such that
~ = c = 1 throughout.) Quantum effects in a field Fµν
are often characterised using the “quantum efficiency pa-
rameter” χ =
√
p · (eF )2 · p/m3. For a wave of intensity
a0 = eE/mω, field strength E, χ becomes the product
χ = a0b0 [13]. Hence a given χ may be achieved through
different intensity/energy combinations, and we will see
that different choices lead to very different physics. We
take the laser to propagate in the z-direction and be po-
larised in the x-direction, so that the laser fields depend
on the phase φ ≡ ω(t + z) through a potential with x-
component eAx = ma0e−φ
2/τ2 sin(φ). We fix the wave-
length at λ = 2pi/ω = 820nm and choose τ such that the
FWHM pulse duration is 15 fs.
We begin our investigation with achievable parameters
a0 = 1, corresponding to an intensity of ∼ 1018 W/cm2,
and γ = 105 [21], suggesting a maximum χ = b0 = 0.59.
In Fig. 1 we plot, for a head-on collision, the electron
momentum component P− ≡ (E − pz)/2, the difference
between energy and z-momentum, which shows the most
significant deviation from the Lorentz-force result; P−
is conserved without RR, but recoil effects break this
symmetry [22, 23]. It is convenient to consider 〈Pˆµ〉 as
a function of phase φ, as this relates the momentum to
the local intensity in the laser pulse. (Collision at 45◦
incidence, as may be experimentally necessary, can be
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2FIG. 1. QRR in the interference-dominated regime, a0 = 1
and γ = 105. Red/blue: scalar QED/QED exact to or-
der α (subscript 1). Black/“SIM”: simulation data based on
the LCA. Green: exact solution of the classical LL equation.
Orange/“LL1”: the classical limit of the first order QED re-
sults. Inset: curves for γ = 105, a0 = 0.4, χ = 0.24.
advantageous as it makes QRR visible in all momentum
components; for examples see the Supplementary [20].)
Note first that Fig. 1 shows only a small (5%) differ-
ence between the exact solution of the classical Landau-
Lifshitz (“LL”) equation [22] and the classical limit of the
QED result (giving the first order solution of the LL and
LAD equations [16–19]). This suggests that higher-order
multiphoton effects are small. However, classical predic-
tions are invalid here: accounting for quantum effects
clearly shows that the classical theory greatly overesti-
mates RR losses, the relative error being around 350%.
The inset in Fig. 1 shows that quantum effects per-
sist even for smaller χ [24]. Our QED approach allows
us to account fully for spin, and the figure shows that
spin slightly increases radiative losses relative to those in
scalar QED [25]. Fig. 1 also shows results from by-now
standard numerical simulations of intense laser-matter
interactions which assume Lorentz force propagation be-
tween quantum emissions described in a locally constant
approximation (“LCA”) [26–29]. The approximations be-
hind the codes hold only for a0  1, so they should not
be expected to recover QRR in the considered regime;
indeed the simulation data in Fig. 1, obtained from 104
runs, fails to fully capture quantum effects.
To understand these results, in particular the quan-
tum reduction of energy loss due to RR, we examine the
structure of the average momentum 〈Pˆµ〉. To first order
in α (the fine structure constant) and exactly in all other
parameters, 〈Pˆµ〉 may be written, for an arbitrary pulse
shape and duration, as
〈Pˆµ〉(φ) = piµ(φ) +
φ∫
−∞
dϕ
∞∫
0
dθ Fµ(φ, ϕ, θ) , (1)
in which Fµ is given explicitly in the Supplementary [20];
the details are not needed here. The important argument
is θ, which is the difference between phases at which pho-
ton emission occurs in the quantum state of the radiating
system, and its complex conjugate. The θ-integral con-
tains quantum interference effects and is purely quantum
mechanical, as it is confirmed by considering the low en-
ergy limit b0  1. In this limit the integrand collapses to
a delta function in θ [19], exhibiting decoherence [30] and
leading to a purely local expression in agreement with
classical predictions [16–19, 31]. Importantly, the clas-
sical limit of (1) is closely related to the high-intensity
limit. For high intensity (made precise below) the θ-
integrand is dominated by small perturbations around
the classical point θ ' 0. These semiclassical contribu-
tions give the LCA to 〈Pˆ 〉 at high-intensity. By analysing
the momentum for arbitrary pulse shapes we show in the
Supplementary [20] that the high-intensity and classical
regimes are collectively characterised by the restriction
1 + a20
b0
 1 . (2)
This gives a kinematic refinement of the usual statement
that only a0  1 is required for the LCA to hold [32].
(The regime a0 > 1 and a20 > b0 has also been iden-
tified as that of the “quantum synchrotron approxima-
tion” [33].) For other refinements coming from consid-
eration of the emitted photon spectrum see [34]. For
ultra-intense optical lasers and achievable electron ener-
gies, (2) clearly implies a0  1, but if either the energy is
high or if the intensity is not so high so that (2) is not sat-
isfied, quantum RR must be described using the full co-
herent expression (1). This integral contains correlations
and interference between scattering events separated by
arbitrarily large phase differences; it is this quantum in-
terference which reduces RR energy losses as compared
to the classical theory. Hence both the classical theory,
which misses all interference effects, and the LCA, which
captures only ‘short range’ interference effects but misses
the long range effects, overestimate RR losses.
We can now explain the behaviours seen in Fig. 1.
The inequality (2) is not fulfilled: because b0 is not small
enough and a0 is not large enough, neither a low energy
(local) nor a high-intensity (locally constant) approxima-
tion is valid. Rather the quantum interference effects in
the coherent double-integral in (1) are needed to prop-
erly capture QRR; when this holds we say that we are
in an “interference dominated regime” (IDR). The simu-
lation results in Fig. 1 naturally overestimate the energy
loss as they are based on the LCA, which misses quan-
tum interference. This is consistent with recent inves-
tigations which show that the LCA misses spectral fea-
tures which depend on long distance phase correlations
or interference from multiple stationary points, in both
photon emission [35, 36] and pair production [37–39].
We will now compare and contrast the IDR with the
high-intensity regime accessible by the ELI-NP facil-
3FIG. 2. P− for a0 = 100, γ = 103 (high-intensity regime).
The relative error in the classical energy loss (green) com-
pared to the quantum multiphoton description (black) is only
15%. Grey/white bands illustrate the momentum distribution
calculated with the numerical approach: each band contains,
from top to bottom, 5%, 10%, 15% . . . of all trajectories.
ity [40]. Taking a0 = 100 and γ = 103 gives the same χ
as above, but in a different regime where (2) is satisfied.
The LCA should therefore provide a good approxima-
tion here, in a regime where interference effects are sup-
pressed and QRR comes from multiple incoherent pho-
ton emission [14], and the numerical approach is on firm
ground. (Entering an IDR for a0  1 would, from (2) re-
quire extremely high energy particles.) Results are shown
in Fig. 2. An average of 28.45 photons were emitted
over 104 simulation runs; higher-order multiphoton ef-
fects are indeed important. For this reason the order-α
QED result is insufficient to capture the correct physics,
and therefore not shown. Fig. 2 shows that the differ-
ence between quantum and classical results is not large;
the relative error in the classical prediction (an overes-
timate) is around 15%, compared with around 350% in
the IDR. The reason for this is the high intensity; the
system is driven back toward the classical regime as par-
ticles are shaken violently by the laser and very quickly
radiate away their initial energy, well before reaching the
peak field. The maximum χ achieved is (from simula-
tion data) χ ' 0.25, despite the initial parameters giv-
ing us a theoretical maximum χ ' 0.59. This resistance
to entering the high-intensity, high-energy regime is well
known [41, 42] and is responsible for e.g. hindering com-
parisons of different classical RR models [43]. In all our
high a0 simulations the number N of photons emitted
per laser cycle is consistent with the estimate, derived as-
suming a formation length ∼ 1/(ωa0) [13], N ∼
√
2piαa0
(2piαa0) for linear (circular) polarisation which differs
from the commonly used N ∼ αa0.
We turn now to two specific experimental scenarios in
which signals of QRR will be sought in different regimes.
The first extends the calculation above to a fully realistic
collision of an electron beam with a focussed laser pulse,
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FIG. 3. Scattered electron spectrum for ELI-NP parameters,
as in the text. We look along the energy axis to distinguish
between classical models with and without RR, and along the
angular scattering axis to distinguish between classical and
quantum RR.
taking account of longitudinal and transverse beam struc-
tures and using the planned parameters of ELI-NP. We
simulated a bunch of 5000 electrons with average energy
600 MeV (γ ' 1200) ±0.1% and transverse/longitudinal
spread of FWHM 15µm/400pm colliding with a focussed
Gaussian pulse of wavelength λ = 820 nm, focal spot
radius w0 = 5µm, FWHM pulse length 22 fs and peak
intensity 1022W/cm2 (a0 ' 70). The beam profiles are
shown in the Supplementary [20]. Three simulations were
performed, in which recoil effects were either neglected
entirely (motion described only by the Lorentz force),
treated classically (motion described by the Landau Lif-
shitz equation) or treated quantum mechanically using
the numerical approach [26–29]. The results in Fig. 3
show marked differences between the three models.
Looking along the energy axis shows that both classi-
cal and quantum RR cause the electron beam to emerge
from the pulse with an energy spread of several hundreds
of MeV, whereas neglecting recoil effects implies that the
electrons essentially retain their initial energies [2, 3].
However distinguishing quantum and classical contribu-
tions to this effect is difficult, see also the top inset of
Fig. 3. This is because beam focussing (finite width with
varying intensity) gives an impact-parameter spread in
energy which acts as a background. Looking instead
along the vertical axis, corresponding to transverse scat-
tering angle, we see that the quantum electrons develop a
transverse spread spanning several degrees, correspond-
ing to a transverse momentum spread of around 10MeV,
whereas the classically modelled electrons remain largely
confined to the beam axis. The stochastic nature of quan-
tum emissions means that the electron bunch will diffuse
in transverse momentum space [1], whereas the classical
model only allows a net loss of transverse momentum in
4FIG. 4. 〈P−〉 for a head-on collision in the crossover regime,
colours as above. a0 = 10 and γ = 104. Just over 60% of
trajectories show lower-than-average energy loss. The inset
shows the final distribution of electron energies vs. scattering
angle, due to stochastic quantum effects.
the radiating electrons, with the exception of compara-
tively much smaller ponderomotive effects (a small back-
ground) arising from beam focussing. Hence the trans-
verse spreading provides a measurable signature of quan-
tum RR distinct from its classical counterpart. (Trans-
verse size effects are expected to be subleading in the IDR
with high energy particles: the highest energy emissions
come from particles on-beam-axis [44] and transverse de-
flection from the plane wave trajectory is suppressed by
factors of a0/γ  1 [45].)
Finally, consider the regime a0 ∼ 1–10 and γ ≤ 104
which should be accessible on the Bella [46] and Gem-
ini [47, 48] lasers. Toward the lower/upper extreme of the
energy range classical/quantum effects are significant.
Toward the lower/upper extreme of the intensity range
the LCA fails/works, so that simulations are less/more
reliable. At the same time the lowest order QED results
become more/less reliable, because the longer or more in-
tense the pulse, the more higher-order corrections are re-
quired to account for multiple photon emissions in order
to give the correct rate of energy loss. In this “crossover”
regime it is therefore necessary to account carefully for
the possibility of both multiphoton and interference ef-
fects. This regime is distinct from the IDR and high-
intensity regimes above. It is theoretically challenging,
as higher-order corrections are difficult to calculate ana-
lytically when the constraint (2) is not fulfilled [19].
An example of the electron momentum in the crossover
regime is shown in Fig. 4 for parameters giving the
same χ as above. Here the LCA is sufficient to capture
the physics – the LCA to (1) is indistinguishable from the
full result on the scale shown. Since an average of 2.77
photons were emitted over 104 runs we should expect
a discrepancy between the simulation and order-α QED
results due to multiphoton effects. Despite this, we find
that they are in close mutual agreement (and both differ
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FIG. 5. Characterising radiation reaction in the energy–
intensity plane. Two types of effects are shown, to the left and
right of the division at a0 = 10 which separates, very approx-
imately, the applicability of the methods used. The classical
(semiclassical/locally constant) approximation to RR differs
by less than 5% from the full, coherent, quantum integral (1)
in the regions marked “classical” (“semiclassical”) on the left
of the plot. As intensity increases, higher energies are needed
to access fully quantum effects. To the right, dotted lines are
those of constant “ideal” χ calculated from peak intensity and
initial energy, while solid lines are those of constant peak χ
taking into account classical cooling effects modelled by the
LL equation. The existence of the different regimes and cool-
ing effects are general, though their precise form depends on
pulse shape. Labels in white boxes indicate the approximate
operating regimes of the named facilities [21, 40].
significantly from the classical prediction). Remarkably,
the same agreement is found for all other parameters we
have examined in this regime. The fact that the two very
different approaches agree across an energy and intensity
range relevant to upcoming experiments, e.g. on Gemini,
is extremely encouraging. We stress though that further
investigation of this interesting regime is needed to en-
sure that the correct result is obtained.
One reason for the smallness of the expected discrep-
ancy in Fig. 4 can be seen by from the grey bands: most
electron trajectories stay distributed close to the Lorentz-
force trajectory for most of the pulse. The distribu-
tion and spread of momenta is therefore an interesting
topic for further study, along with the quantum mechan-
ical variance 〈Pˆ 2〉 − 〈Pˆ 〉2.The inset in Fig. 4, shows the
stochastic spreading of on-axis electrons due to purely
quantum effects, c.f. Fig. 3. This is one of the experi-
mental signatures of QRR which will be investigated at
high-power laser facilities over the coming years.
To conclude, we have examined QRR effects in dif-
ferent energy and intensity regimes. Fig. 5 illustrates
these regimes and our results. We have seen that in-
terference effects, completely absent in classical physics,
reduce energy losses relative to classical predictions and
contribute significantly to QRR for high energy and not
too high intensity. This “interference dominated regime”,
5or IDR, stands in contrast to the high-intensity regime in
which quantum RR is essentially semiclassical and cap-
tured by a locally constant approximation, and where
large cooling effects draw systems back toward the clas-
sical regime [49]. We have also identified a kinematic
delineation of these different regimes, see also [33, 50]; re-
finements accounting for pulse duration [51] or final state
kinematics [34] are interesting topics for future study.
Concerning experimental signatures, we have con-
firmed that both classical and quantum radiation reac-
tion will be visible in high-intensity ELI-NP experiments.
We have also highlighted a “crossover regime” where both
multiphoton and quantum interference effects are signifi-
cant. This is the most interesting, theoretically challeng-
ing, and perhaps experimentally urgent regime.
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Supplementary Material
Analytic results and approximations
A plane wave Fµν(φ) depends on a phase variable φ = k · x with k2 = 0 defining the propagation direction. The
fields of the wave are transverse, kµFµν = 0, and can be projected out by defining the vector k¯µ by k · k¯ = 1; the two
nonzero field components are then k¯µFµν . The Lorentz force equation, describing the motion of a classical particle
but neglecting recoil effects, can be solved exactly in a plane wave and the resulting particle momentum is
piµ(φ) = pµ − aµ(φ) + 2p · a(φ)− a(φ)
2
2k.p
kµ , (3)
in which pµ is the (initial) momentum in the remote past, or before entering the wave, and the integrated field strength
a(φ) is
aν(φ) =
φ∫
−∞
dϕ ek¯µFµν(ϕ) . (4)
In QED the expectation value 〈Pˆν〉 can also be solved for exactly in the background field strength and order-by-order
in the fine structure constant α. Beginning with a state |Ψ; 0 〉 describing an initial electron, the state is evolved in
time to |Ψ;φ 〉 (following [1] we use phase as the time variable, as explained in the Letter) and the expectation value
is calculated as 〈Pˆν〉 ≡ 〈Ψ;φ |Pˆν |Ψ;φ 〉. The method of calculation is described in detail in [2] for scalar QED; spin
corrections are represented by additional, similar terms in the expressions therein.
To first nontrivial order in α the average momentum naturally receives contributions from photon emission diagrams
(at tree level), and also from one-loop self energy effects. The loop is essential for removing infra-red divergences and
ensuring the existence of the classical limit [2–5]. To this order the momentum (averaged over spins) takes the form
〈Pˆν〉(φ) = piν(φ) + α
pi
φ∫
−∞
dφ2
∞∫
0
dθ
[
dIν
dφ2
+
1
b0
Jν
]
, (5)
in which φ2 and θ are two phases originating from the two interaction vertices in the expectation value. Note that θ
is the phase difference between the vertices, see Fig. 6. I and J are functions depending on the integration variables,
the particle spin, initial momentum and the background field. Note that the first term is an exact integral which is
to be evaluated on the upper boundary φ2 = φ.
The explicit expressions below hold for the lower {−,⊥} components of the momentum. For the + component there
are additional, similar terms, all proportional to kν/b0 and (therefore) carrying an extra factor of electron gamma
φ2
Pˆ
φ1 φ2
Pˆ
φ1
φ2 − φ1 = θ
FIG. 6. Schematic illustration of some of the terms contributing to the expectation value 〈Pˆ 〉. The diagrams represent the
state wavefunctional and its conjugate. Photon emission contributions are illustrated on the left, self energy contributions on
the right. The argument θ arises as the phase-difference between points of emission/absorption.
7in the denominator. These terms are small (in the lab frame) for both head-on and 45◦ collisions with large gamma
factor (which we assume throughout, as otherwise RR is negligible in the short pulses considered – for long pulses see
though [6]). There are many such terms, but their expressions are lengthy and unrevealing. For these reasons we do
not display the kν/b0 terms.
The expressions below for I and J use the following notation. Setting s = 0/1 switches between scalar/spinor QED
respectively. The Lorentz force momentum is piν(φ) and we write pi2ν ≡ piν(φ2), pi1ν ≡ piν(φ2 − θ). The average 〈piν〉
which appears is defined as
〈piν〉 = 1
θ
φ2∫
φ2−θ
dϕ piν(ϕ) (6)
Define µ ≡M2/m2, with the effective mass given as usual by M2 ≡ 〈pi〉2 [7, 8], and Θ ≡ θµ. Then we have:
Iν =
piν
∂θΘ
µ − pi1ν
θ
Re f0
(
Θ
2b0
)
+
pi1ν + 〈piν〉 − 2piν ∂θΘµ
2θ
Re f1
(
Θ
2b0
)
+ s
∂θΘ
µ piν − 〈piν〉
2θ
Re f2
(
Θ
2b0
)
(7)
Jν =
[
∂θΘ
µ pi2ν − 〈piν〉
θ
− pi
′
2ν
2
+
〈pi′〉2 θ
2m2
〈piν〉
]
Im f1
(
Θ
2b0
)
+ s
〈pi′〉2 θ
4m2
〈piν〉 Im g2
(
µθ
2b0
)
(8)
The functions f and g arise in the calculation as integrals over the momentum fraction u ≡ k · k′/k · p, that is the
ratio of the emitted photon’s (longitudinal) momentum k′ to the final electron (longitudinal) momentum:
fn(x) =
1∫
0
du unei
u
1−ux , gn(x) =
1∫
0
du
un+1
1− ue
i u1−ux . (9)
We note that the presence of recoil effects are signalled in part by the presence of the 1/(1 − u) factors in the
exponent [9]. Expanding these factors 1/(1 − u) → 1 amounts to ignoring corrections from large emitted photon
energies (and therefore significant recoil), and to taking the low energy limit, see [10, 11] for discussions. We stress
though that no such approximation is made here. Indeed the integrals (9) may be evaluated exactly in terms of sine
and cosine integrals. The explicit expressions are unrevealing, though. Changing variables t ≡ u/(1−u) instead gives
a more convenient, and explicitly convergent, form:
fn(x) =
∞∫
0
dt
tn
(1 + t)n+2
eitx , gn(x) = −if ′n(x) . (10)
Our expressions for the average momentum can be put into an equivalent, but perhaps more familiar form in the
asymptotic limit φ → ∞, where we find perfect agreement with S-matrix based calculations [12]. Let p¯i be the
Lorentz force (i.e. no recoil) prediction for the electron momentum after it leaves the pulse (typically equal to the
initial momentum p.). Then the expectation value can be written, schematically,
〈Pν〉 = p¯iν +
∫
dk′
(
pnlcν − p¯iν
)dPnlc
dk′
, (11)
in which dPnlc/dk′ is the differential probability for nonlinear Compton scattering, i.e. for the electron to emit a photon
of momentum k′ [13], and pnlc is the electron momentum after emission as dictated by momentum conservation [13].
For precise expressions see equations (5), (8) and (9) in [12]. Thus our results admit a very natural interpretation:
the electron momentum changes because it emits radiation, just as we expect, and the resulting average momentum
is found by averaging over all possible emissions, weighted with the probability of photon emission. The probability
here agrees with that in [11, 13] for the case of a monochromatic wave, with those of [14] in the locally constant field
approximation [15], and with those in e.g. [16–18] in the case of a pulse.
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FIG. 7. Behaviour of the special functions relevant to the high-intensity/locally constant approximation.
Classical and local approximations
Note that the argument of the special functions, θµ/2b0, is an increasing function of θ. If this function becomes large
outside a very small vicinity of θ = 0 the functions f and g become negligibly small. In this case we can thus develop
a local approximation to the general formula (5). This happens when, compared to unity, b0 is small, a20 is large (due
to the fast increase of the effective mass with θ), or both. In other words, using the form of the effective mass, when
(1 + a20)/(2b0) 1. In this regime quantum radiation reaction becomes approximately incoherent, arising from only
the local behaviour of the field, with no interference between emission at different phases. A Taylor expansion in θ
then leads to the general local approximation (again up to k/b0 terms)
〈Pˆ 〉ν = piν + α
[
b0pi
′
νC3(λ) + piνD3(λ) +
2
3
b0
∫ φ
−∞
dφ2a
′2
2 pi2νC1(λ2)−
pi′′2ν
2
C2(λ2)
]
(12)
where λ = −b20a′2(φ)/3 and λ2 = −b20a′2(φ2)/3. The Ci and Di are special functions which we do not give explicitly
but which are plotted in Fig. 7. The behaviour of the functions C1 in the scalar and spinor cases shows directly that
spin increases the effect of RR, i.e. leads to larger RR losses.
Fig. 7 shows that the convergence of the special functions towards their limit at the origin (Ci(0) = 1 and Di(0) = 0)
is not so rapid, implying that a significant deviation from the local approximation can be expected even for χ less
than 10−2. At even smaller χ we recover classical results: the local approximation reduces to, reinstating the kν/b0
terms to demonstrate that the momentum goes on-shell,
〈Pˆ 〉ν = piν + 2
3
αb0pi
′
ν +
2
3
αb0
φ∫
−∞
dφ2 (a
′
2)
2
(
pi2ν − pi · pi2 kν
b0
)
, (13)
which is of course the first order perturbative solution to the LAD (and LL) equations. The complete local approx-
imation (12) is useful in the regime of moderately large a0 and moderately small b0. It can be further simplified in
both the classical limit, (13), and in the high intensity limit a0  1, where it becomes
〈Pˆ 〉ν ' piν + 2
3
αb0
∫ φ
−∞
dφ2 (a
′
2)
2
pi2νC1(λ2) . (14)
In the plots for the crossover regime, in the Letter and below, the result of the approximation (14) is indistinguishable
from that of the coherent calculation (5).
9Transverse structure
FIG. 8. The paraxial Gaussian laser pulse and electron bunch
used for simulation of experiments at ELI-NP, see Fig. 3 in
the Letter. Laser: wavelength λ = 820 nm, focal spot ra-
dius w0 = 5µm, FWHM pulse length 22 fs and peak in-
tensity 1022W/cm2 (a0 ' 70). Solid black lines show how
the laser waist size changes as the pulse propagates. Elec-
tron bunch: 5000 electrons with average energy 600 MeV
(γ ' 1200) ±0.1% and transverse/longitudinal spread of
FWHM 15µm/400pm.
45◦ collisions
Collision at 45◦ incidence, as may be experimentally nec-
essary, can be advantageous as it makes QRR visible in
all momentum components, see the following examples.
FIG. 9. Perpendicular electron momentum in the high-
intensity regime, a0 = 100 and γ = 103, but for a 45◦ collision.
Grey and white bands show, top to bottom, intervals which
contain 5%, 10%, 15% . . . of all trajectories calculated with
the numerical approach.
FIG. 10. All nontrivial electron momentum components in
the interference dominated regime, a0 = 1 and γ = 105, but
for a 45◦ collision. Colours as in the Letter. QRR effects
of similar size are visible in all components. Classical predic-
tions overestimate RR losses, as does the quantum but locally
constant approximation.
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FIG. 11. All nontrivial electron momentum components for
a 45◦ collision in the crossover regime, colours as in the Letter.
a0 = 10 and γ = 104. A little over 60% of trajectories show
lower-than-average energy loss.
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